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This paper considers the problem of the cptimal redeployment of a resource among
different geographical locations., K Initially, it is assumed that at euch location,
i, 1 =1, ---n , the level ui availability of the resource is given by a, =0 .
At time t > , requirements R,(t) 2 0 are imposed on each location which in
general will differ from the a,”. The resource can be transported from any one
location to any »ther in magnitﬁdes which will depend on t and the distance

between these locetions. It is assumed that I Ri >z ai o

The objective function considers, in addition to transportation costs incurred by
reallocation, the degree to which the resourcs avallabilities ¢ “ter redeployment
differ from the requirements. We shall associate the unavailat lities at the
locations with the unreadiness of the system and discuss the op:imal redeployment
%n terms of the minimization of the following fuanctional forms:

z; kJ(RJ'yJ) + transportation costs, Max [kJ(RJ'yJ)] + transportation costs, and
J
=)
Jf—' 2
[.kJ(RJ-yJ) + transportation costs., The variables Yy represent the final amount

= of the resource avnilablé at location J . No benefits are assumed to accruve at

any location if y, >R, . A numericel three location example is given and solved
for the linear coj¥ctivi.
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Suprose there are n geographical locations viegce an orsanlzation
requires varying levels of a resource (maspower, fuel, equipwment).

The requirements for this resource are egsumed to change a2a gudden demands
for the rescurce brcught ebout by chanyging economic, political, or naturcl
conditione are created. For example, natural disasters such as flooda
nay create a need for certaiu types of rescue equipment at varicus flond
locations. To satiszsfy the needs at cny ane location, the resource may

te obtained locally or from any other locations vher: avaldlabllity exists.
There are limitations on the magnitudes of the ressurce which m.y be trans-
rorted frea location 1 to location J . These limitaticna depend on

the allowable time ¢ for reallocation to "ake place as well as the dis-
tance betwveen locations, In the preaent prcblem, t is fixed and glven
oo that the limitations are given couctants.

We shal). consider several Ltypes of obJective functiona (to be dis-
susred below) which w2 wish to partially associate with the degree of
unreadiness of the system. That is, we consider mevers) different
measuras i’ unreadiness and invesiligate how the optimnl renllocation
changee wiih thege measures. In additicn to the cozts {ncurred ao a
result of wnreadiress, we aggume that the physical process of realloca-
tion also resultz i transportation costs. The weighted gun of these two
types of costa will constitute the chjective functiom, Iu each cuae,
it i3 assumed tha2 ending up with more of a resgource than regaired at a
Zocatich doez unt result in any benefils. Also the problem ip delerminicztic

iy,

agd contains no stochastic elements. ed from fo

Wable copy. IS
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Definitions
Lel

xid

the anount of the regource to be transported from
location 41 to location J

the final level of the resource at location J

the cost of transporting oae unit of the resource from
location i to location J ; ci‘1 20,

the initiel ovailability of the resource at location 1i;
o, 2 0.

the requirement of the rezource by time t at location
35 n ML) =

J ]
the moximim allowable magnitude of the resocurce that

=20, vherc t ig agsumed fixed,

can be shipped from 4 to J 4n an interval of

lecgth t . ”1;1“) = Mi:j z290.

the relative importance of location J insofar as
regource noufficiency at that location is concerned.

The greater ‘k the more critical an insufficiency at

J »
location J ; kj 20,
n n
1% ig sgaured that t). R > S'a ..
— J . L1
J=1 i=1
duced trom
Problem Formulacyco %:‘,’,'o,:’:;fab\o copY.

The problem to be solved can be srt up in @ transportation type

format where each locatitm 48 caosidered 23 hoth an orlgin and destination.

The crustraints state that the amount of product to be sent from location



1 camnot exceed a, , the amoun? received by any location 1s equal to

vhere yJ canhot ericed }, and the axount shipped frum any

B 3

locaticn to any other 1a limited by the M Thus, we obtein:

13 °

(1) Min z = r(Ri,yJ) + Z Ec“x“

1
o
Z xiJ Sai 3 %A seen
J=1
n
zxid=yd;331, sooll
i=1
y‘ < RJ J e l seell
%y ‘M'lJ all §,J
X420, 0l 4,3;y,208=1, .cm.

The ohjective wlll be referred to as the unreadineza function ard
we 8hall counider end diacuss several diffsrent mathematical forms of
this function. Note that the yJ are problen variablees, If we take a

linear objective functiom of the form

n n n
[

7 = z kJ(RJ-y.‘)) + 2 2‘ c“x1J {t will be zcen that the problem
Jnl =l J-l

can be reduced to a standard capecitated tranaportaticm problem,

Let dy, RJ - ¥y Thes (1) becomex:

n n n
'2) Min z:Z kjujq-z Zc”x“
d=1 1=1 §=1

Ty
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If the u‘1 are considered az the amounts shipred frim an additional
fictitious origin then the problem can be considered as one where the un-

readinees coats (the kd) are agsocisted with shipping from the additional

’

origin, If the availability at thie origin i3 considered i7 be o
n .

vhore a . may be et equal to some large value ( EHJ will do) ,
J=1

then an additiocnal origin comstiaint of the form

n
Z uJ & ®ne
J=1

puts the problem intu a format with n + 1 origin constraints end@ n
destination constraints. The problem ray ba interpreted inocfar as un-

readiness is concerned, as one uliere we wvish to avoid shipping from

n
origin (n+l) as much ag possible. If the ) X,y =R, then tho require-

s =
AL

n
pent at J can be met without unreadfiness penalty. If ; %y <R
£l '

then a penalty due to unreadineses is incurred at location J . Or,

1 »

one may state the problem as one where unreadiness coste are ounly associated



with wla~k varlebles in tho destination constraints wien the problem

18 cas? in the form:

n“l n

(3 wa ) ) 35713
iml 3ul

subject to:

n
in‘j‘ai,i’l, e0o N 4+ 1,
J=1

-l
indSRJ,Jal,ooon-

4 _"

< Mid

X

1

X ko 1=1,.-cn+1;d=l,cvyno

1

and where c¢ =k,

n+l, J J

To finally state the problem in the standard transportation format,
conglder an additicnel flctiticus destination such that the slack variablea
of the origin constreints represent the amowunte of the reeccurce ghipped to

thie destination, Call the slack variables x

i,ml thl’e i = 1’-1on+l e

Tuen the problem becomes

n+l ol

Min Z‘ E; ci"x.‘LJ
i=1 J=1
subjcct to:
n+l

>.‘ Xij = ai » 1 - 1)2)uaDM'l
Jo1
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N By =R, 3= L2000

1=}
O sy, TH, Al
)
In this prodlem, L 2‘ RJ
Jal
n+l n n ml ns+l
= - = . ? y - ?
M9 Z B, Z Rg \:ai (8o that }_‘9‘ b HJ) .
=l 321 1=1 1a1 g
Alszo the MJJ = Min ("J’R;j) so that if RJ < ay location 3§ will only

end up with R‘1 , Wnereas 1f R‘1 2 aJ , the eatire availabllity car remaic,

Since the x,, represent shipping from a locatlon to itsclf, we shall

agsume thet c,, = 0 . Aleso, we take N\ go that if necessary,

14 nl,3 = By

up to H, units will be sent to destination J from origin n¢l ; and

J

- 61 ° Flnal.LY c - o, 1 2 1, .'.‘.'lH-l -

1, ned
Assuning that e feasible solutlion exists, the sbove problem cen be

4,m].

golved as o cspacitated transportazion problem with n+l origins and
n+l deatinatinns,
u o

When the objective ig in the form z = Max [ (R,-y.)] + 2 Zc ; T
11 §=2
vy can convert the problem to a lincar program, but not a trangportation

problem by noting that
n n
Z o M;.t rkJ(RJ—yJ) ¢ Z i 3 xij ]
12] §=).

After making the tranaformation v.x‘1 a RJ - yd as before, the

problen 18 equivalent to the folluwing lirear progranm:
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(3) Mn v

n
kJuJ-:- 2
1=) =1
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+ the other coastraints of (2) .

The sbove objective 18 often referred to as 2 minimax cdbjective
and can occur in curve fitting and regression problems es weldl asg in the
present context. See [4] for example. i
With a quadratic objective of the form 2z = EkJ(RJ-yJ

J=1

)2

n n

+ Y z ciniJ , the problem may be solved as s quadratie program
[}

1=1 J=1

n
after letting u.1 - R.1 - yd s 8ince the quadratic form Z kduja +

J=1
n n
- _ !
Z‘ 2 3idxij is positive definite (ky Cyq > 0 and the form cannot
il J=)

have ths value zero since a, < Rg) o Wolfe’s method for quadratic

J
programming is a2 convenicnt procedure to use [4] .

It shwuld be noted that with the nmin-max objective and the quad-
ratic, the problem can be golved via simplex tableaus. The min-max problem
requires n additional constrainte above the ©»+l origin ard n»i destina-
tion constraoints where n = the mumber of locations. The quadratic problen,
via the Wolfe technique requires (mzl)a additional constraints, corres-

ponding to the number of variables in the problem with n+l origins end

ml degtinations.




P

-

R

R
-

S RERINTNS B - R

Mccuvo F\mcthg

Tho odbjective function 13 one vhich transforms the cost of un-
readineas into costs asgsociated with transportaticn and essumes such a
cost 1s additive to the transportation costs. The great difficulty of
such a procedure is of course in developing meaningful empirical pro-
cedures for such a transformation. If we consider that the objective
functions represent a disutility to the orgunization then we are assuming
that the disutilily due to unreadiness is cdditive to that of tranaport-
ation cost. Ve are here essentinlly dcaling with the problem of decision
making with respect to multiple objectives and encounter the usuel difficult-
ies when doing so. See 1] for examples,

In the context of tha present problem, we congider the dleutility
due %0 unreadiness to te the major concern apéd include the traneportation
costs because the formulatiou is mors general, no difficulties are added
to the problem 4n golution, and becausze such costs may in fact influence
the optimal reallocativn if some of them are sufficiently large. How-
aver, the problem ceun also be considered with all c“ = 0 go that the
unrealiness disutility is the only concideration.

The linear objective function for unreadiness ascumes that the
overall unreadiness 1s measured ag o weighted sum of the ingufficiercies
in the supply of th2 rescurce, the .ueight token over the different geo-
graphical. locations. The welglits may be normalizad and could be estimated
by 2 variety of tachniques relating to the problem of decision making with
regpect 4o multiple criteria. In essence, we are ulﬁumng that the
organization has an additive linear dicutility function with respect to

regource insufficiencins,



10,

With the obJective functicn which minimires the maximum in-
sufficiency, the measure of unreadineas is reclated to the worat poasible
insufficiency and is essentially a "conservative” criterion. For any
optimm solution to this problem, the average insufficiency taken over locaticns
will 1 general b expacted to be greoaler than with the previouu criterisn,

¥With the quadratic unreadiness objective, thc measure of course
penalizes locetions more severely for 1nsurf1c1enc1eu > 1 than does the
lirear function. Here again the assumptiocn 1a.of an odditive utility
function taken over locatioms.

Much of vhich type of objective, of the three discussed, as well
as others, will of course depend on ths nature of the resource and how
it is combined or used with other resources. Resources such as aircraft
fuel may, in short supply, penalize short run operationc much more
severely than resources such ag certein food items, Jn the latter
case the min-max obJjective might be more appropriate since we might
be interested in the shortage of such rcsaurces not getting out of
"control"” snywhere and trying to keep the worst possible shortage as low
es possible.

Extension to Multiple Resources

If we assume that a simultanseous shortage of two or more resources
affect the ability of the organizatfon to carry out its miasion to an
extent greater than or equal tn that of one regource, them we can postulate
a variety 0" models for describing this simitaneous shortage.

Yuch wi )l depond on how the resourcez interact with each other in

carrying cut functions. Thus, certain levels of pilots and airplane
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shortages simultaneovsly may not affect the readinecs mu?h more than the
given shortage level of just one of these Whereas corresponding shortages -
of pilots and ASW equipment may affect the reediness of a unii in an
additive manner, | . |

An additive situation would seem appmp'ria.te vhen the reaource‘s
in Quection vere used for what may be tc'rmcd "indgpendent” missions
where the rescurces nceded for one mission are unrelated to thoee neoded
for the others, Of course in a real dense no two miswions of an organ-
ization during a partir:ulz;.r period of time are truiy 1ndependen‘t.. How-
ever, 1f the additive model seems appropriate, the problem could be
handled by including nnotl.:er summation in the objective functioa over

resources and adding additional constraints for each regource. Thus, .

the form of the objective function for the Unc;.r unreadiness model

wvould be:
@ n ¢ n o
Mo z = ) Z kps (Rpg¥yg) + >_. >_. “Z ¢ 584
L=l =1 L=l 41 J=1

where there are ¢ resources, and where the subscript L refers to the
£ th resource,
Nome-pdditive situations would involve certain non lincarities in

formulation and are beyond the scope of this paper,

Example
We shall fllustrate the solution for the linear objective functicn

with an example. Conaider the folicwing roallocaiion problem with three

locations, set up in a tableau format as follows:



Locatiin ;| 2 3 4
0 0. 01 0.02
1 M 2 2 Il ¥
0,02 0 0,02
2 6
< 3 6 3
.02 B 0
3 0 0.01 7
1 1 7
Rd C 8 8 Ya = 17
00"‘ . ‘.2 =
' kd 0.3 Q m" 22

The numbers in the upper left of each cell of the 3 x 3 location
matrix irndicate the transportation costs while those in the lower right

indicate the cavacity of each route i.e. = 0.01, €2 ., The

he X2
overall requirement is for 22 units whereas the overall availability is

yps AT I T

17.

We shall solve the problem using the primal-dual method for the
capacitated transportatican problem and the notat{on and tableau format
of Hadlc} fol).

The problam requires 6 tablcaus for asolution, They are sliown in the
Appendix. The optimal minimum cost solution is found by transporting one
unit from locaticn threc to loc;tion one and one uni?t frem location three
to location two. The optimal redeployment can be read off the final
tableau reproduced belcw. The values in the circleg of the fourth row
calls (O4) corresponding to the fictitious origin, show the final
deficlencles at each location ie. Ry -y, =1, Ry -y, = 1, R3 -y = 3
(The 17 18 the excess going to the fictitious deastination). The values in
the circles on the off-diagunel elements 4ndicate the redeployments.

In thias problem the value of the cbjective function is i * 1.33.
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